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Let Ni,N2,M be smooth manifolds with dimA^i + dimA^2 + 1 = dimAf and let 
for i = 1, 2, be smooth mappings of Ni to M where lm(f>i n Im02 = 0- The classical 
linking number lk(0i,02) is defined only when 0i*[Afi] = 02* [^2] = G H^,(M). 

The affine linking invariant alk is a generalization of Ik to the case where (pi^, [Ni] or 
4'2* [-^2] are not zero-homologous. In ^ we constructed the first examples of affine 
linking invariants of nonzero-homologous spheres in the spherical tangent bundle of a 
manifold, and showed that alk is intimately related to the causality relation of wave 
fronts on manifolds. In this paper we develop the general theory. 

The invariant alk appears to be a universal Vassiliev-Goussarov invariant of order < 1 . 
In the case where (/)i,[A^i] = 02* [-^2] = G H^{M), it is a splitting of the classical 
linking number into a collection of independent invariants. 

To construct alk we introduce a new pairing /i on the bordism groups of spaces of 
mappings of A^i and N2 into M , not necessarily under the restriction dim A^i-|-dim A'^2 + 
1 = dim A/. For the zero-dimensional bordism groups, /i can be related to the Hatcher- 
Quinn invariant. In the case Ni = N2 = , it is related to the Chas-SuUivan string 
homology super Lie bracket, and to the Goldman Lie bracket of free loops on surfaces. 
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1 Introduction 

In this paper the word "smooth" means C°° . Throughout this paper M is a 
smooth connected oriented manifold (not necessarily compact), and A'^i , A''2 are 
smooth oriented closed manifolds. The dimensions of M,Ni,N2 are denoted 
by m,ni,n2, respectively, and the one-point space is denoted by pt. 

Let Afi, for i = 1, 2, be a path-connected component of the space of all smooth 
mappings of A^j to M. (Thus the mappings in J\fi,i = 1,2, are not assumed 
to be immersions.) Let B = -B^v'i.A/i be the space of quadruples ((/>i, (/>2> Pii P2) 
where (pi: Ni —f M,i = 1,2, belong to Mi and pi: pt — > Ni are such that 
(piPi = 4'2P2- Clearly, B can be regarded as a subset of TVi x M2 xNi x 
and we equip B with the subspace topology. 

The classical linking number Ik is a Z-valued invariant of a pair {(j)i,(p2) € 
J\fi XM2 with ni + n2 + I = m (and with 0i(iVi) n 02(^''2) = 0)- The in- 
variant lk((^i,(/>2) is defined only if (/'i*([iVi]), </'2*([iV2]) = € H^M) (or if 
0i*([-^i])) <^2*([-^2]) are torsion classes, in which case Ik takes values in Q or 
Q/Z). U Kaiser jl6j generalized linking numbers to the case of arbitrary sub- 
manifolds of the linking dimension that are homologous into a boundary or into 
an end of the ambient manifold. (For M being the solid torus the similar ap- 
proach to defining linking numbers was previously used by S Tabachnikov 30].) 

The main goal of the paper is to construct a version of the linking invariant Ik 
for pairs (0i, 02) G A/i x 7V2 with rii + n2 + 1 = m and 0i(iVi) fl ^2(^2) = 
without any restrictions on the homology classes (/'i*([iVi]), 02*([-^2]) • 

In greater detail, let S G A/i x A/2 be the subset of pairs ((/>!, (P2) with cpi^Ni) n 
(^2(^2) 7^ 0- Fixing a pair * G A/i x A/2 \S, we define an invariant 

alk : A/"! X A/'2 \S ^ Ho{B)/ Indet 

which is an invariant under link homotopy of pairs {(l)i,4>2)', here Indet is a 
certain indeterminacy subgroup. We call alk the affine linking invariant, since 
the change of the base point * leads to changing of alk by an additive constant. 

It turns out that the augmentation B ^ pt reduces our invariants to the classi- 
cal ones (ie the linking numbers with values in //o(pt) = ^) provided that the 
last ones are defined. In other words, here we have a splitting of the classical 
linking invariant. 

Our constructions can be easily modified to yield affine linking type invariants 
under the singular concordance relation. In the case of 1-links in 3-manifolds 
this will give us the invariants constructed by Schneiderman in |26j . 

Qeometry & Topology, Volume 9 (2005) 
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Our construction can be rather easily modified to give an invariant of a pair 
{'Pij 4'2) ^ -^i ^ -^2 with (f)i{Ni) n 4>2{^2) = and without any restrictions on 
the dimensions ni,n2,m of Ni, N2, M . In this case we also get an invariant 
of a link {4'i,(p2) considered up to the link homotopy. The invariant takes 
values in 0„i+„2+i_m(^)/(lm/xi,o + Im/xo,i) , where : r2j(A/i) ^jiM2) 
Ui+j^ni+n2~miB) is the pairing defined in Theorem 12 .21 We plan to study this 
more general invariant in detail in another paper. 

Most of our results are based on considering of a helpful pairing 

where is the group of oriented bordisms of X . This pairing has many 

remarkable properties. For example: 

(1) The pairings /^i,0;/Uo,i enable us to describe the indeterminacy for the 
invariant alk. (Note that Ho{X) = ^oiX) for all X.) 

(2) The pairing //o,o tells us (in many cases) whether two C°° maps /i : A'^i — > 
M and /2 : N2 ^ M can be deformed to maps with disjoint images, see Sec- 
tion|HJ The case when two immersions fi and /2 can be regularly homotoped to 
maps with disjoint images was considered by Hatcher and Quinn ^^1- Concern- 
ing relations between /io,o and the Hatcher-Quinn invariant, see subsection l2.2l 
A conicidence problem for the case A^i = N2 was considered by Koschorke |18j 
via the approach of Hatcher-Quinn invariants. 

(3) If Ni = N2 = S"" and M is a 2n-manifold then ^ leads to a generalization 
of the Goldman bracket 12 of free loops on 2-surfaces, see subsection 12.11 

(4) In case of A^i = = 5"^ the pairing fi leads to a (graded) Lie algebra 
structure on Q^^^Af) where Af = Mi = M2 is the union of all the connected 
components of the space of mappings ^ M . This Lie algebra structure 
is related to the string homology Lie bracket introduced by Chas and Sulli- 
van 1^, [S], cf also the work of A Voronov [^Hj- We are not able to discuss this 
algebra in detail here but intend to do it in the coming development of our 
work [S]. 

(5) In fact the mapping /u extends to a Lie bracket on the nonoriented bordism 
groups of mappings into M of garlands glued out of arbitrary manifolds. It also 
seems that for the appropriately chosen signs /i extends to a (super) Lie bracket 
even for oriented bordism groups, but we are still computing the appropriate 
signs in the graded Jacobi identity, see jHl Theorem 3.1]. 

The paper is organized as follows. In Section |21 we introduce the pairing ^u. In 
Sections 01 and 0] we define affine linking invariants of pairs {4>i, (j)2) S A/i x J\f2 
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(with fi{Ni) n f2{N2) = 0) as elements of the group ^q{B) modulo certain 
indeterminacy; the last one is described in terms of the pairing /x . In Section |3 
we prove that the augmentation ^q{B) = Hq{B) — > ffo(pt) = ^ induced by the 
mapping ;B — > pt reduces our invariants to the classical linking invariant, when 
the last one is well-defined. In Section |H1 we give conditions that guarantee the 
vanishing of the indeterminacy. In Section [7| we give an explicit description 
of 'Kq{B) and VtQ{B). In Section |H1 we show that, in many cases, the pair 
/i : iVi — > M, /2 : N2 — > M of maps, with ni+n2 = m is homotopic to a pair 
(/11/2) with disjoint images, fi(Ni) n f2{]^2) = 0, if and only if the pairing 
H takes the zero value on (/i,/2). If fi and /2 are homotopic to immersions, 
then the results of Sectional follow immediately from Theorem 2.2 of Hatcher- 
Quinn [15] . 

Acknowledgements The first author was partially supported by the Wal- 
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partially supported by NSF, grant 0406311, and by MCyT, projects BFM 2002- 
00788 and MCyT BFM2003-02068/MATE, Spain; his visit to Dartmouth Col- 
lege was supported by the funds donated by Edward Shapiro to the Mathematics 
Department of Dartmouth College. 

We are also grateful to the anonymous referee for the very valuable comments 
and suggestions. 

2 The pairing /i.^j-. ^.(A/'i) ^ ^^(M) Q^+J+n,+n2-miB) 

In this section we do not assume that dim A''i + dim + 1 = dim M . 

Given a space X, we denote by r2„(A) the n-dimensional oriented bordism 
group of X. Recall that Qn{X) is the set of the equivalence classes of (con- 
tinuous) maps /: X where ^ is a closed oriented manifold. Here two 
maps /i : Vi — > X and f2- V2 ^ X are equivalent if there exists a map 
g : W^~^^ X, where is a compact oriented manifold whose oriented bound- 
ary dW is diffeomorphic to Vi U (— V2) and g\dw = /i U /2. Furthermore, 
the operation of disjoint union converts r2„(A) into an abelian group. See 
[li I2H1 m for details. 

Let [V] € Hn(V) be the fundamental class of a closed oriented n-dimensional 
manifold V. Every map f : V ^ X gives us an element f*[V] € Hn{X) , and 
the correspondence {V, f) 1— > f*[V] yields the Steenrod-Thom homomorphism 

r: Qn{X)^Hn{X). 
Qeometry & Topology, Volume 9 (2005) 
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It turns out "WT, that this homomorphism is an isomorphism for n < 3 and an 
epimorphism for n < 6, see |25[ I28j for modern proofs. 

Let ai : Fi ^ Mi be a mapping representing [ai] € $7j(A/i) and let 02: F2 ^ 
M2 be a mapping representing [a2\ S ilj(A/'2). Let 5,: Fj x A'^j — > M, i = 1, 2, 
be such that ai{f,n) = {ai{f)){n) . Let G Fi x A^i and ^2 € -F2 x -^2 be 
such that ai{vi) = 0^2(^2) ■ We say that qi and 02 are transverse at (vi,i'2) 
if da2{Tv2{F2 x A'^2)) and dai(Ty^{Fi x A''i)) generate T5^(„^)M = T^^(^^^^M . 
Following standard arguments we can assume that ai and 52 are transverse, 
ie they are transverse at all (^1,^2) such that ai{vi) = 52(^2)- 



Consider the pullback diagram 



V — ^ Fi X Ni 



32 



(2.1) 



F2 X N2 M 



of the maps a^, for i = 1, 2. 

Lemma 2.1 If 5i,a2 are transverse, then V is a closed oriented 
ni+n2—m) -dimensional manifold. □ 

Let pi'. Fi X Ni —5- Fi and p2. Fi x Ni ^ Ni, for i = 1,2, be the obvious 
projections. Consider the mapping 

fiiai,a2): V ^B, v ^ {4>\,<t^l p\, pl) 
where (/'^(n) = ai{pi{ji{v)),n) for n £ Ni, and ^^(pt) =P2{ji{v)). 

Theorem 2.2 Tiie above construction yields a well-deEned pairing 

fl = flij-. Qi{Ml) ®ilj{M2) Qi+j+ni+ni-miB), 

H{[ai],[a2]) = [V,fi(ai,a2)]. 



Proof The routine argument shows that the bordism class [F, /i(ai, 02)] in 
^}i+j+ni+n2-m{13) depends only on [ai] G Qi{Mi) , [02] G ^jiM). The bilin- 
ear ity of n is obvious. □ 
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2.1 Relation to the Goldman bracket 

Let TVi (respectively, M2 ) be the topological space that is the union of all the 
connected components of the space of mappings of Ni (respectively, into 
M. Let B be the topological space that is the union of Bj^^^j\f^ over all the 
connected components 7Vi,7V2. 

Let ATj be the closure of Mi in the space of all continuous maps. Similarly, 
define B to be the closure of B. 

Clearly, the pairing ^ can be extended to 

i+j+n-i+n2—m {B). 

Let M be a 2n-dimensional manifold and let A'^i = = ■ Given two 
points 2;, y € 5" (not necessarily distinct), choose an orientation preserving 
diffeomorphism Ux^y ■ 5" — > S*" that maps x to y . 

For M^" and Ni = N2 = put Af = Mi = M2 and consider the pairing 

71: no{M) ® QoiM) no(B). (2.2) 

Since = Hq, the pairing (|2.2j) yields a pairing 

Ho(M)CSHo{M) Ho(B). 

Every point b = {(pi, 4'2i Pi, P2) ^ B gives us a map hb'- S"" V 5" — > M as 
follows. We regard the sphere S"" as a pointed space with the base point *. 
Clearly, both maps 0jM*,p;(pt) : — > M, for z = 1, 2, map the point * to the 
same point of M and therefore yield the map S"^ V S"' ^ M . 

The pairing fi: Hq{M) (g> Hq{M) —>■ Hq{B) has the following interpretation. Put 
TTn to be the orbits of TTn{M) under the natural action of 7ri(M). Then Hq(M) 
is naturally identified with Ztt^, a free Z-module over Observe that any 
two modules Z7f„(M, p) and Z7f„,(M, g) are canonically isomorphic 

Let Si'. 5" — > M^" , for i = 1,2, be two smooth generic mappings transverse to 
each other and realizing [s,] € 7f„ . Here genericity means that each intersection 
point of si and S2 is not a self-intersection point of si or S2- Put P = Im(si)n 
Im(s2)- Then 

7Z(l[si] (g) l[s2]) = ^sign(p)[si,S2,]5], (2.3) 

pGP 

where signp is the natural orientation of p coming from the intersection pairing. 
Here [si,S2,p] € iroiB) is the element that maps the first sphere as si, the 
second sphere as S2, and maps pt to the preimages of p on the two spheres. 

Qeometry & Topology, Volume 9 (2005) 
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Now, using the coproduct 5" ^ S*" V S*" , we conclude that every b ^ B gives 
us a map 

So, we get a map Lp : B ^Jf. Notice that this map is not continuous, but it 
induces a weh-defined map vro(S) — > 7ro(A7') since each Ux^y is homotopic to the 
identity. Furthermore, since = -f^o ; the pairing (|2.2|) yields a pairing 

a: HoiJf) Ho{M) ^ Ho(B) ^ Ho{Jf). 
Now, because of the equality (|2.3|) . we conclude that 

a(l[si] 1[S2]) = (^sign(p)[siS2 G G Z?f„. (2.4) 

Here the element [siS2 € 7r„(M, p)] is the class in 7f„ that is the product of 
the elements of 7r„(M,p) realized by si and S2- More accurately, we have to 
compose Sj with an automorphism of S"" that maps the base point * to 
the preimage Xi = s^^{p) of p. 

For n = 1 the action of 7ri(M) on 7r„(M) = 7ri(M) is given by the conjugation. 
So Zvfn = Zvfi is a free Z -module generated by the homotopy classes of free 
loops on M. Because of the explanations above [siS2 G 7r„(M,p)] is a well- 
defined element of Zvf i . 

Now formula (|2.4|) is identical to the definition of Goldman's Lie bracket on 
Z?fi(M2), see Goldman [H page 267]. Since both a and Goldman's Lie bracket 
are bilinear and coincide on the generators of Ztt i , they are equal. Thus for 
Ni = N2 = and our pairing fi generalizes Goldman's Lie bracket 
discovered in stages by Goldman jl2j and Turaev [H^ . 



2.2 Relation to the Hatcher— Quinn invariant 



Consider two maps / : Ni ^ M and g : — > M in A/i and 7V2 , respectively. 
Hatcher and Quinn 15^ considered the homotopy pullback diagram 



fE 



9e 



N2 



M 



For i = 1, 2, let i^j be the stable normal vector bundle over Ni and let ^ be 
the stable vector bundle f^vi © g*^V2 © fEf*^M- Let E denote E{f,g) and let 
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^^^{E,^) denote the bordism group based on singular manifolds h: ^ E 
together with a stable bundle isomorphism of the normal bundle of V with /i*^. 
The ^^^{E,S^) groups are the homotopy groups of the Thom spectrum T^. 

Given two transverse maps /i : Ni ^ M and /2 : N2 M homotopic to / and 
g respectively, consider the pullback V (rather than the homotopy pullback) 
of /i and /2 . Consider the obvious maps Vi'. V ^ Ni and construct a map 
h: V ^ E with fE°h = Vi and Qe ° h = V2- In fact, this h determines and is 
determined by homotopies from /i to / and from /2 to g. Then iV^h) yields 
an element of r2^j_|_„2-m(-^' ' ^'^d this element does not depend on the choice 
of the above described homotopies. So, we have the Hatcher-Quinn map 

hq: TTq{Ni) X 7ro(AA2) — > ^n.+n^-nXE , ■ 

Now, assume that ni + ^2 = fn. Take a point of B and represent it by a 
commutative diagram 

pt > Ni 

h 

N2 M 

with /i , /2 transverse and /i ~ /, /2 2± ^ . Clearly, this diagram gives us 
an clement of the group Qq{E,^), and in fact we have a map (p: CIq{B) 
Q,q{E,^). It is easy to see that the diagram 

7ro(M) X 7ro(Ar2) ^^^{E,0 

J^o(A/'i)®f^o(A/'2) ^oiB) 

commutes. So in the case rii + n2 = m the pairing //o,o can be regarded as a 
version of the Hatcher— Quinn invariant. 

3 AfRne linking invariants 

Prom here and till the end of the paper we assume that ni + n2 + 1 = m (unless 
the opposite is explicitly stated). 

Put S to be the discriminant in A/i x A/2 , ie the subspace that consists of pairs 

ifi, such that there exist yi G Ni,y2 G N2 with /i(yi) = /2(y2)- (We do 
not include into S the maps that are singular in the common sense but do not 
involve double points between fi{Ni) and /2(-/V2)-) 
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Definition 3.1 We define Sq to be the subset (stratum) of T, consisting of 
all the pairs (/i, /2) such that there exists precisely one pair (yi,y2) of points 
yi & Ni,y2 € N2 such that 

(a) /i(yi) = /2(y2); 

(b) yi is a regular point of /j, for z = 1, 2; 

(c) (4fi)(T,,iVi)n(d/2)(T,,iV2) = o. 

Construction 3.2 Let 7: (a, h) Mi x A/2 be a path which intersects Sq in 
a point 7(to) • We also assume that 

7(to-5,to + 5)nS = 7(to) 

for (5 small enough. We construct a vector v = v(7,to5'^) as follows. We 
regard 7(to) as a pair (/i,/2) € A/i x A/2 and consider the points 2/1,1/2 as in 
Definition 13.11 Set z = = /2(y2)- Choose a small (5 > and regard 

7(to + (5) as a pair (51,52) G A/i xj\f2- Set Zj = gi{yi),i = 1,2. Take a chart 
for M that contains z and Zj, i = 1,2, and set 

v(7, to, 6) := zzl - zz^ e T^M. 

Definition 3.3 Let 7: (a, 6) ^ A/i x A/2 be a path as in Construction IS?^ 
We say that 7 intersects T,q transversally for t = tQ if there exists do > such 
that 

v(7,to,<5) ^ {dh){Ty,Ni) e {dh){Ty,N2) C T,M 
for all (5 G (0,5o)- 

It is easy to see that the concept of transverse intersection does not depend on 
the choice of the chart. 

Definition 3.4 A path 7: (a, h) — > TVi x A/'2, —00 < a < 6 < cxd is said to be 
generic if 

(a) 7(a,6) nE = 7(a,6) nSo; 

(b) the set J = {t\'^{t) fl Sq 7^ 0} C (a, b) is an isolated subset of M; 

(c) the path 7 intersects Sq transversally for all t € J. 

As one can expect, every path can be turned into a generic one by a small 
deformation. We leave the proof to the reader. 
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Definition 3.5 Let 7 be a path in A/i x J\f2 that intersects S transversally in 
one point 7(to) £ '^o- We associate a sign (7(7, to) to such a crossing as foUows. 

We regard 7(to) as a pair (/i,/2) G A/i x A/'2 and consider the points yi G 
-/Vi,y2 e such that /i(yi) = /2(y2)- Set z = = /2(y2)- Let ri and 

X2 be frames which are tangent to A'^i and N2 at yi and y2, respectively, and 
both are assumed to be positive. Consider the frame 

{d/i(ri),v,d/2(r2)} 

at 2; G M, where v is a vector described in Construction VA.'A We put (7(7, to) = 
1 if this frame gives us the orientation of M, otherwise we put 17(7, to) = — 1- 
Because of the transversality and condition (c) from Definition \'A.1\ the family 
{dfi{ti),v, df 2{t2)} is indeed a frame. Note also that the vector v is not well- 
defined, but the above defined sign a is. 

Clearly if we traverse the path 7 in the opposite direction then the sign of the 
crossing changes. 

For every space X , the group ^o{X) = Hq{X) is the free abelian group with 
the base 7ro(X). So, every element of ^o{X) can be represented as a finite 
linear combination ^ A^P^ with G Z and Pk & X , and every such linear 
combination gives us an element of ^}(){X) . Below in Section[7|we give examples 
of situations where it(){B) is an infinite set, in spite of the fact that A/i and J\f2 
are path connected. 

Definition 3.6 Let 7 be a path in A/i x J\f2 that intersects S transversally in 
one point 7(to) G So- We define [7(to)] G ^o{l3) as iT(to)7(to). 

Clearly, 

eMto])=<7{^,to), (3.1) 
where e: ilQ{B) — > Z = Oo(pt) is the homomorphism induced by the map 

Definition 3.7 Since 0,i{X) = Hi{X) for i = 0, 1, by the Kiinneth formula 
we have the canonical isomorphism 

ni{x xY) = ni{x) ® fioiY) e no{x) ni{Y). 

Now, the pairings 

mo: ni{Mi) ® no{Af2) no{B) and m : Oo(A/'i) ® !^i(A/'2) ^ no{B) 
yield the homomorphism 

A: f)i(A/'i xA/'2) ^ no{B). 
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We define the indeterminacy subgroup Indet C i^oii3) to be the image of the 
homomorphism A. We define the abehan group A = A(7Vi,7V2) to be the quo- 
tient group of Qq{B) / Indet . Let q = gA/'i,A^2 ■ ^o{B) — > A be the corresponding 
quotient homomorphism. 

Examples 3.8 (1) Consider the case of being a lens space with a funda- 
mental group Zp, A'^i = S'^,N2 = pt. In this case there is only one homotopy 
class of mappings S'^ M and of pt ^ M. It is easy to see that Qo{B) = Z. 

Take /: 5^ ^ M and g: ptxS^ = M. Then Ho,i{f,g) equals to the 

intersection index between /*[-S'^] and g*[S^] € H^{M). Since Hi{M) = Zp we 
get that Im/io,i = € Z = VIq{B). 

Take r: 5^ x 5"*^ ^ M and s: pt ^ M. Then ixifi{r,s) € Z equals to the 
degree of the mapping r: S"^ x S*^ M . Since -7r2(M) = 0, the elementary 
obstruction theory shows that for a given image of r*(- x 5^) € 7ri(M) all the 
homotopy classes of mappings 5^ x 5"^ — > M are classified by 'k^{M). Thus 
Im//i^o coincides with the possible degrees of mappings S"^ — > M. Since all 
such mappings pass through the covering map 5^ ^ M that has degree p, we 
get Im /ii,o = C Z. Thus Indet = pZ C Z = ^q{B) . 

(2) A harder example comes from M = x S"^ , where Fg is an oriented surface 
of genus g> 1. Let A^i = A''2 = 5^ and let a, 13: S*^ — > M be linked embedded 
circles that project to two simple curves on Fg with one intersection point. Let 
A/i,A/2 be the connected components of the space of mappings 5^ ^ M that 
contain a and /3, respectively. Let r : (5^,*) (A/i,a) be a mapping with 
the adjoint f : y. ^ M , r^^^^^ = a. 

If ker(r* : 7ri(5^ x S^) — > 7ri(M)) ^ 1, then using obstruction theory we get 
that f is homotopic to a mapping that passes through a mapping M . 

This mapping of can be made disjoint from (3 and Hifi{r, /?) = for such r . 

If is injective then r is homotopic to the loop 7i73 € (A/i,a), for some 
i,j € Z. Here 71 is a self homotopy of a induced by one full rotation of the 
parameterizing circle and 73 is a self homotopy of a under which every point 
of a slides one full turn along the 5^ fiber of Fg x Fg that contains the 

point, see the proof of 6, Lemma 6.11]. Clearly Hifl{'yi,f3) = and /xi_o(73)/3) 
equals to a ±1 times the class of the element of B that is obtained when a 
intersects (3 under the deformation 73. Thus Im^ifi = Z C Qo{B). 

Similarly one shows that Im/io,i = Z C i^o^B) and that in fact Im/ii^o = 
Im/io,i- Thus Indet = Z for this example. One can also show that ^lo{B) = 
0^1^ Z in this case. 

Similar construction for Fg = x will give Indet = Z = ^q{B). 
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Theorem-Definition 3.9 Let A be as above. Then there exists a function 
alk : AAi X 7V2 \i; ^ A such that 

(a) alk is constant on path connected components of J\fi x J\f2 \S; 

(b) if 7: [a, 6] ^ A/i X7V2 is a generic path such that 7(a), 7(6) S and 

S /, are tiie moments when 'y{ti) E S (and hence 7(ti) S by tiie 
definition of the generic path), then 

alk(7(6)) - alk(7(a)) = g(^[7(t.)]) ^ A. 

Moreover, these properties determine the function alk uniquely up to an addi- 
tive constant. We call such a function an affine linking invariant. 

We prove Theorem 13.91 in Section |^ 

Remark 3.10 After the first version ^Uj of this text appeared on the electronic 
archive, U Koschorke submitted the paper ^2] where he used some invariants 
coming from the Hatcher-Quinn construction to study when two submanifolds 
of M = 5 X M can be link homotoped to the disjoint S-levels. 

Remark 3.11 It is rather easy to prove (see Corollary [73)) that the mapping 
alk: 7ro(A/i x A/2 \S) ^ A is always surjective. 

3.1 Relations to front propagation and winding numbers 

(a) Let STM denote the total space of the sphere tangent bundle over M, 
dim STM = 2m — 1 . In [7] we defined the affine linking invariant al for the map- 
pings of 5*"^"^ — > STM that are homotopic to the inclusion of the fiber S"^~^ 
to STM . Because of the orientability of the bundle STM — > M , the homotopy 
class of this inclusion is invariant under the vri (M) -action on [S"^~^ , ST AI] . 
Using Theorem 17.41 we get that in this case ^o{B) = Z, and al is exactly 
alk for Ni = N2 = S"^~^ and the space A/i = M2 consisting of mappings 

In [2j we have shown that in this case e(Indet) = Indet = when m is even 
or when m is odd and M is not a rational homology sphere. This shows 
that e(alk) can indeed be Z-valued in many cases where the mappings are not 
zero- homologous. 

This example is interesting since it is related to wave front propagation. Deep 
relations between front propagation and link theory were first discovered by 
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V Arnold who observed that the isotopy type of the knot canonically as- 
sociated to a front does not change under front propagation. A wave front on 
M is a singular spherical hypersurface equipped with a velocity vector field of 
the directions of the front propagation. The wave front represents the set of 
all points on M that a certain information has reached at the given moment. 
Wave fronts on M can be canonically lifted to STM by mapping a point of 
the front to the point of STM corresponding to the front velocity at this point. 
We assume that wave front propagation on M is given by a time-dependent 
flow on STM. (For example light propagation is indeed given by such a flow.) 

Consider two wave fronts that originated at two different points on M . The 
value of the alk invariant on the canonical lifts to STM of the two wave fronts 
equals to the algebraic number of times the front of the earlier event has passed 
through the birth point of the later event before the later event occurred, see Uj. 
Thus if the alk invariant is nonzero we conclude that the later event occurred 
after the earlier born front passed through its birth point. Philosophically this 
means that the later event has obtained the information about the earlier event 
carried by its wave front. Such events are called causally related. Thus the alk 
invariant often allows one to detect that the events that created the wave fronts 
are causally related from the current picture of the wave front, without the 
knowledge of the time-dependent propagation law, times and places of events 
that created the wave fronts. 

First examples relating causality to the linking number were constructed by 
R Low in the case of M = M" , see [211] , [2H , |22] • In this case the canonical lifts 
of the fronts are homologous into the end of S'TM" . For such submanifolds the 
classical linking number can be defined as it was done by S Tabachnikov 
for M = M^. (This construction of the classical linking number was later 
generalized by U Kaiser JHj to the case of arbitrary submanifolds of the linking 
dimension that are homologous into a boundary or into an end of the ambient 
manifold.) The modified Low conjecture says that two events are causally 
unrelated if and only if the lifts of their fronts are unlinked in the appropriate 
sense. For M being a 2-disk with holes strong results proving the conjecture 
for many cases were obtained by J Natario and P Tod j2,Sj . 

(b) The classical winding number of a curve around a point p in M? is the 
linking number between the curve and the 0-cycle {p^ooj in S"^ = M'^ U {00} . 
In ^ we considered the generalizations wm{F,p) and wm{F,p) of the winding 
numbers of the mapping F: iVf M™ around a point p: pi = N2 ^ M 
to the case where F*([A^i]) 7^ G H^{M) and M does not have ends that could 
play the role of the infinity. (The invariants win and win are the generalizations 
of the winding number to the case where the observable point p moves and is 
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fixed in M, respectively.) We showed that affine winding numbers can be 
effectively used to estimate from below the number of times a wave front has 
passed through a point between two moments of time. 

One can verify that the generalized winding number win also is included into 
the theory explored in this work, if we consider affine linking number for the 
case = pt- (It is clear, see Theorem \7A\ that in this case i^oi^) = Z.) 

It is easy to construct the version alk of the invariant alk constructed in this 
paper, where alk will be a function on 7ro(A/i x{*} \ S) for some fixed mapping 
* E M2 ■ A straightforward verification shows that alk is well-defined provided 
it takes values in the quotient group of 0,o{B) by Im(/iio : Oi(AAi) (g) Qo{-^2) — ^ 
Qo{l3)) . The invariant win constructed in [Hj is a particular case of such alk 
where A'2 = pt . 

3.2 The invariant alk is the universal Vassihev— Goussarov in- 
variant of order < 1 

Fix a natural number n. Let / = (/i,/2) G S C A/i x A/2 be such that 
Im(/i) n Im(/2) consists of n distinct double points of transverse intersection. 
Each double point can be resolved in two essentially different ways: positive 
and negative, where the sign is as in Definition 13.51 Thus / with n such 
double points admits 2" possible resolutions of the double points. A sign of the 
resolution is put to be + if the number of negatively resolved double points is 
even, and it is put to be — otherwise. 

Let r be an abelian group. Let a be a F-valued homotopy link invariant of 
links from A/i xA/'2\S, ie a function a: hq{Ni x ^2 \S) — > L. (Thus a does 
not change under homotopies of a linked pair that do not involve double points 
between different components.) The nth derivative a*^"") 0/ a is a function on 
singular links with exactly n distinct transverse intersection points between 
different component (and possibly many self-intersection points of the compo- 
nents). The value of a^"^^ on such a singular link / = (/i,/2) is defined as a 
sum (with appropriate signs) of the values of a on the nonsingular mappings 
obtained by the 2" resolutions of double points. The invariant a is said to be of 
order < n — 1 (or Vassiliev-Goussarov invariant of order < n — 1, j35lll3l[n] l 
if a(") is identically zero. 

The invariant alk is an A-valued Vassiliev-Goussarov invariant of order < 1 . 
To see this consider a singular link / = (/i,/2) with exactly two transverse 
double points between different components. We denote by /(±, it) the four 
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nonsingular links obtained by resolutions of the two double points. We denote 
by /(•, lb) the singular link with one transverse double point between different 
components obtained from / by resolving the second singular point and keeping 
the first singular point intact. To prove that alk is an order < 1 invariants it 
suffices to show that 

alk(/(+, +)) - alk(/(+, -)) - alk(/(-, +)) + alk(/(-, -)) = 0. 

Rewrite this expression as 

(alk(/(+, +)) - alk(/(-, +))) - (alk(/(+, -)) - alk(/(-, -))) 

= alkW(/(.,+))-alkW (/(•,-)). 

By the definition of alk*-^^ the values alk*^"*^-* (/(•,+)), alk^"^^ (/(•, —)) are equal 
to +![/(•,+)], and +![/(•,-)] € Oo(^). (Here [/(.,+)],[/(.,-)] g 7ro(fi) are 
the classes of the singular links with one transverse double point.) Clearly 
[/(-,+)] = [/(•,-)] e7ro(H). Thus 

alk(/(+, +)) - alk(/(+, -)) - alk(/(-, +)) + alk(/(-, -)) 

= alk«(/(.,+))-alkW(/(.,-)) = 0. 

Furthermore, if a: no{Mi xA/'2\S) ^ F is a F-valued Vassiliev-Goussarov 
invariant of order < 1, then the increment a^^\'y{to)) = Aaijito)) of a under 
the positive crossing of E at 7(^0) € depends only on the element of Tro{B) 
that corresponds to 7(to) • To see this consider a singular link / with two double 
points obtained from 7(io) by preserving the existing double point and creating 
a second double point by a homotopy. Since a is an order < 1 invariant we 
have 

= «(/(+, +)) - «(/(+, -)) - «(/(-, +)) + a(/(-, -)) 

= a^'Hf{;+))-a('Hf {;-)). 

Thus the increments into a of the positive crossings of the discriminant at 
a^^^ (/(•, +)) and at a^^^ (/(•, — )) axe equal. Clearly we can change 7(to) G ^0 to 
any other element in Eq that is in the same component of ttqIB) by elementary 
homotopies that pass through an extra double point and by homotopies in 
7ro(i3) that do not create extra double points between the two components. 
These operations do not change the value of a^^^ on an element in B and we 
see that 0(^^(7(^0)) indeed depends only on the element of 'n-o{B) realized by 
7(io)- 

In particular, there exists a natural homomorphism B: ^lo{B) F that sends 
the bordism class of (+1)7(^0) € ^lo{B) to Q;^^)(7(to)) = ^a{l{to)). Moreover, 
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this homomorphism B passes through the quotient homomorphism q: i^o{B) 
A as in 13.71 and therefore we get a homomorphism ^ : A — s- F with Ao q = B , 
cf Theorem 15.11 b elow . One verifies that 



Clearly if a and a' are F-valued Vassiliev-Goussarov invariants of order < 1 
such that a — a' is a constant mapping, then the corresponding homomorphisms 
A and A' are equal. Let /o G A/i x J\f2 \S be a chosen preferred point. Then 
for every / G M x A/'2 \S we have q(/) = a(/o) + ^(alk(/)) -^(alk(/o)) . Thus 
alk completely determines the values of a on all / (modulo a(/o)), and hence 
alk is a universal Vassiliev-Goussarov invariant of order < 1 . 

In particular, alk distinguishes all the elements /, /' G A/l x J\f2 \S that can be 
distinguished via Vassiliev-Goussarov invariants of order < 1 with values in an 
arbitrary group T. 



Definition 4.1 We define Si to be the subset (stratum) of S consisting of 
all the pairs (/i,/2) such that there exists precisely two pairs of points yi G 
-^1 ) ^2 G cis in Definition 13.11 Here we assume that the two double points of 
the image are distinct. We also choose a base point * of A/i x J\f2 with * ^ S. 

Notice that = 0,1, is the stratum of codimension z in S. In particular, 
a generic path in A/i x Af2 intersects Sq in a finite number of points, and a 
generic disk in TVi x J\f2 intersects Si in a finite number of points. 

A generic path 7 : [0, 1] J\fi x J\f2 that connects two points in Mi x N2 \S 
intersects Sq in finitely many points 'y{tj),j G J, and all the intersection points 
are of the types described in 13.51 Put 



^(alk(/) - alk(/')) = a(/) - a(/') 



for all /,/'G (A/'i,xAA2\S). 



4 Proof of Theorem 13.91 




(4.1) 



i6J 



We let 



A = {{x,y) G I + / < 1} 
B2 = {{x,y)eA\x = 0}, 

^4 = 0. 



Bi = {{x,y) £A\xy = 0}, 
B3 = {{0,0)}, 
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We define a regular disk in A/i x A/2 to be a generically embedded disk D such 
that LTlS = L'n(SoUSi) and the triple (D, DnEg, I?nSi) is homeomorphic 
to a triple B,C), A D B D C , where B is one of Bi 's and C is equal to B^ 
or B4. 

Lemma 4.2 Let P be a generic loop that bounds a regular disk in Mi x M2 ■ 
Then Aaik(/3) =0. 

Proof It is easy to see that all the crossings of Sq that happen along (3 can 
be subdivided into pairs, such that the elements of '^^{B) corresponding to the 
two crossings in a pair are equal and the signs of the corresponding crossings 
of So are opposite. Hence the inputs into Aaik(/3) of the elements of ^q{B) 
corresponding to the two crossings in a pair cancel out and Aaik(/3) = 0. □ 

Lemma 4.3 Let (3 be a generic loop that bounds a disk in A/i x A/2- Then 
Aalk(/3) =0. 

Proof Notice that the set S \ (Sq U Si) is a subset of codimension > 3 in 
A/i X A2 . So, without loss of generality we can (using a small deformation of 
the disk) assume that the disk is the union of regular ones, cf Arnold ^ 
Now the proof follows from Lemma 14.21 □ 

Corollary 4.4 The invariant Aaik induces a well-defined homomorphism 
Aaik: ^iCA/l XA/-2) =^i(A/'i xA/'2,*) ^ no{B). 

Proof Since every element of TTi{J\fi x J\f2, *) can be represented by a generic 
loop, the proof follows from Lemma 14.31 □ 

Now we give another description of Aaik- Let A: Qi{J\fi x A/'2) ^o{B) be the 
homomorphism from Definition 13.71 

Proposition 4.5 The homomorphism Aaik: 7ri(A/i x M2) ^o{B) coincides 
with the homomorphism 

TTi{MixM2) ^ ni{MixM2) ^ no{B), 

where h is the Hurewicz homomorphism in the bordism theory ) and A 
is the homomorphism from Definition \3.A 
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Proof Given a generic loop a in (A/i,*) and the constant loop e in (A/'2,*), 
let (a,e) be the corresponding loop in (A/i x A/'2,*). The homotopy class of 
(a,e) gives us an element [(a, e)] G 7ri(A/i x M2, *)• Similarly, a generic loop /? 
in (A/'2,*) gives us an element [(e,/3)] € 7ri(A/i xA/'2,*). 

Because of the isomorphism 7ri(7Vi x A/2) = 7ri(7Vi) x 7ri(7V2) , the classes [(a, e)] 
and [(e, /?)] generate the group 7ri(A/i x A/'2,*). So, since Aaik is a homomor- 
phism, it suffices to prove that Aaik[(o,e)] = (A o h)[{a,e)], and similarly for 
[(e, P)] . We do it here for the loops (a, e) only. 

We calculate Aaik[(ce,e)] G i^o{B) . Fix a mapping e: N2 M in ^2 and 
consider the mapping 

a: X (iVi U A^2) ^ M 
such that = a and c^j^i^jy^ coincides with the composition 

51 X iV2 P--"^"^^'"" iV2 M. 

Without loss of generality we may assume that is transverse to e. The 

inclusion A/i Mi ^ M2, x 1— > (x,e) allows us to regard h{a) G rii(A/i) as an 
element of Oi(AAi xA/2)- 

Now it is easy to see that 

Aaik[(a,e)] = Aiio([a|5ix^J ® [e]) = A(/i(a)) G (4.2) 
where [oj^ixArJ ^'^'^ [^] are the bordism classes of corresponding maps. □ 

Corollary 4.6 

Im{Aaik : vri(A/'i x Ar2, *) ^ J^oC-B)} = Indet C ^^{B). □ 

Take an arbitrary point / = {fl, ) G Mi x M2 \S and choose a generic path 
7 going from * to /. We set 

alk(/) = (?(Aaik(7)) G A 
where q is the epimorphism from Definition I.S.7I 

Theorem 4.7 Tiie function 

alk: TVi X AA2\S ^ A 

is an affine linking invariant. Furthermore, any other affine hnking invariant 
alk coincides with alk if alk(*) = 0. 
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Proof To show that alk is constant on path components we must verify that 
the definition of alk is independent on the choice of the path 7 that goes from 
* to /. This is the same as to show that g(Aaik(9')) = for every closed generic 
loop (/? at *. But this follows from Corollarv 14.61 directlv. 

Furthermore, it is clear that alk increases by 9([7(i)]) G A under a transverse 
passage by a path 7 through the stratum Sq at the point 7(t) . This yields 
property (b) of alk from Theorem 13.91 The last claim is obvious. □ 

Remark 4.8 Clearly alk depends on the choice of *. On the other hand, if 
we change *, then new alk and the old alk will differ by an additive constant. 
This is the reason why we use the adjective "afRne" . 

Clearly, Theorem 13.91 is a direct consequence of Theorem 14.71 

5 Relations between alk and the classical linking in- 
variant Ik 

Given a closed oriented manifold with the fundamental class [A'^] G Hn{M) , 
we say that a map /: N ^ M \s zero- homologous if /*([iV]) = E Hn{M). 

Let e: ^q{B) — > Z be the homomorphism from ()3.1() . 

Theorem 5.1 Suppose that Mi and M2 consist of zero-homologous mappings. 
Then e(Indet) = 0. Furthermore, for all f = (/i,/2),/' = (/{,/2) € ^f = 
Ml X A/2 \S, we have 

£(alk(/)) - e(alk(/')) = lk(/i, h) - lk(/(, /^) G Z. 

Proof Since Mi and M2 consist of zero-homologous maps, the classical linking 
invariant Ik: Mi x M2 \S — > Z is well-defined. Now, similarly to A^ik, we define 

k 

Alk: Tri{MixM2,*) ^Z, Aik(7) = 5^<T(7,ii), 

i=l 

where the generic loop 7 in {Mi XM2,*) intersects Sq C S C Mi x A/2 in 
certain points 7(^1), . . . , 7(ifc) • (Here we use the notation 7 for the loop as well 
as for its homotopy class.) Since Ik is well-defined, we conclude that Aik(7) = 
for ah 7, ie Yl.cr{-f,ti) = 0. 
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Now, we have 

Aaik([7]) = Y.^im G ^^O(^). 

So, in view of p.lf) 
Thus, by Corollarv 14.61 

£(Indet) = e(Im(Aaik)) = 0. 
Now take a generic path 7 which connects / and /'. Then 

e(alk(/))-e(alk(/')) = s {^hiU)]) =Y.cy{l.U) 

= lk(/i,/2)-lk(/(,/^), 

which proves the second claim of the theorem. □ 

Remarks 5.2 Theorem 15.11 demonstrates that, up to an additive constant, 
eoalk is equal to the classical linking number Ik whenever Mi and M2 consist of 
zero-homologous mappings. So, alk is an extension of the classical Ik -invariant 
of zero-homologous submanifolds. 

Since the homomorphism e is the summation over the components of we 
conclude that, for zero- homologous mappings, alk can he regarded as a splitting 
of the classical linking invariant into a collection of independent invariants. 
In many cases it can be shown that ^lo{B) is an infinitely generated abelian 
group (see Theorem l7.4l -Corollarv lY.lOj) and that the indeterminacy subgroup 
Indet is zero (see Section IHI). Since it is easy to show (see Corollarv 17. 5|) that 
the mapping alk: 7ro(A/i xA/'2\S) — > A is always surjective, we see that for 
these cases the classical Ik invariant of zero-homologous submanifolds splits 
into infinitely many independent invariants. 

On the other hand, as it was explained in this paper, the invariant alk exists 
regardless of whether the mappings are zero-homologous or not. 

Also, there are many cases where 7Vi,7V2 do not consist of zero-homologous 
mappings while nevertheless e(Indet) = = Indet, and thus e o alk is a Z- 
valued invariant. 

6 Examples where the indeterminacy subgroup van- 
ishes 

Given the manifolds M, A'^i , N2 as in Section |3J we assume in addition that A'"i 
and are connected, and that nin2 > 0. 
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Theorem 6.1 (Preissman) Let M be a closed manifold that admits a Rie- 
mannian metric of negative sectional curvature. Then the following holds: 

(i) Every nontrivial ahelian subgroup of 7ri(M) is an infinite cyclic group. 

(ii) For every nontrivial abelian subgroup A of it there exists a unique abelian 
subgroup Ba of TT which contains A and is maximal with respect to this 
property. In fact, Ba is the centralizer Z{A) of A in 7ri(M). 

Proof See do Carmo or the original paper by Preissman |2l]. □ 

Definition 6.2 A finitely generated group vr is called a Preissman group if it 
satisfies the properties (i) and (ii) from Theorem 16.11 

Proposition 6.3 Let vr be a Preissman group. Let a,(3 (z n be such that 
a/5 7^ I3a, and let j G n be such that 07 = 7a and (3^ = j(3. Then 7 = 6. 

Proof Suppose that 7 7^ e. Let G = {x} be the (unique) maximal cyclic 
subgroup of vr which contains 7. Since 07 = 7a, the subgroup {0,7} of vr 
is contained in G, and so a = for some m. Similarly, (3 = , and thus 
a/3 = f3a. This is a contradiction. □ 

Theorem 6.4 For M,Ni,N2 as above, suppose that 7ri(M) is a Preissman 
group, and that 7rj(M) = for 2 < i < 1 + max{ni,n2}. Then the indetermi- 
nacy subgroup Indet C 0,o(B) is the zero subgroup, Indet = {0} C ^lo{B). 

Proof Throughout the proof we denote 7ri(M) by vr. We must prove that, for 
every a € 7ri(A/i) and f3 G vri(A/'2), 

Aaik[(a,e)] =0 = Aaik[(e,/3)] (6.1) 

(see Lemma l4.6p . 

We prove the first equality from (|6.1|) only, the second equality can be proved 
in the similar way. Fix (pi E Mi for i = 1, 2, and consider a loop a in (A/i, (pi). 
Let 5: S*^ x A''i — > M be the adjoint map, a(t, n) = a{t{n). Since 7rj(M) = 
for 2 < i < 1 + TT-i , it follows from the elementary obstruction theory that the 
homomorphism 

5*: 7ri(S'^ X iV) ^ vr 

completely determines the homotopy class of 5. We use the isomorphism 
vri(5i X AT) ~ vri(5i) x vri(iV) and set 

7 = 5*(/,,e), (6.2) 

where t G vri(S'-'^) is the generator. 
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Lemma 6.5 If ^ = e, then Aaik[(a,e)] = 0. 

Proof Indeed, in this case 5: x Ni M is homotopic to the map 

because both maps induce the same homomorphism of fundamental groups. So, 
since ni + n2 = m — 1 <m, there is a generic map a homotopic to 5 such that 
a{S^ X Ni) does not meet 02(^2)- □ 

Lemma 6.6 Jf ImS* = Z C vr, then Aaik[(a,e)] = 0. 
Proof If Ima* = Z, then 5* can be decomposed as 

TTl{S^ X Ni) CTT. (6.3) 

Since = K{Z,1), the map 7ri(5^ x Ni) ^ Z in 1)6. 3|) can be induced by 
a map (p: x Ni ^ . Furthermore, the inclusion Z C vr in 1)6. 3|) can be 
induced by a map (inclusion) tp: ^ M, and we can assume that ip{S^) 
does not meet </>2(A^2) since m — 722 > 1. Now, the map 5: x Ni M is 
homotopic to a map 

Clearly, a does not meet </>2(-/V2) and, moreover, any small perturbation of a 
does not. Thus, Aaik[(a,e)] =0. □ 

Now we finish the proof of Theorem 16.41 Consider the homomorphism 

((/-i),: 7ri(7Vi) ^vr. 

If Im((/)i)* is non-abelian, then 7 = e G vr by Proposition 16.31 because 7 
commutes with Im((/)i)^,. So, Aaik[(a,e)] = by Lemma l631 

Furthermore, assume that Im((^i)* is abelian. Since 7 commutes with Im(</>i)* 
we conclude that Im(5!*) is an abelian subgroup of vr. So, Im(5^,) = Z or 
because vr is a Preissman group. If Im(5!*) = Z then Aaik[(a,e)] = 
(by Lemma [6.6|) . and if Im(a*) = 0, then 7 = e G tt and Aaik[(Q!,e)] = 
(by Lemma . □ 

Remark 6.7 Assume that ni + n2 + 1 7^ m but otherwise the manifolds 
Ni,N2,M satisfy all the conditions of Theorem 16.41 Assume moreover that 
max(ni,n2) < m — 1 and that there exists (/i,/2) S Afi x M2 with Im/i n 
Im/2 = 0. Then the straightforward modifications of the proof of the Theo- 
rems 113] shows that Im^Ui^o = = C i^ni+n2+l+0-miS) ■ 
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Theorem 6.8 Let M , Ni and N2 he as above with an extra condition that 
-7rj(M) is finite for i = 1, . . . , max(ni, 77-2) + 1, then the indeterminacy subgroup 
Indet C ^Iq{B) is the zero subgroup. 

Proof Elementary obstruction theory implies that a mapping Ni x * ^ M 
(for i = 1,2) has are finitely many non-homotopic extensions to a mapping 
NiX ^ M (for i = 1, 2). Thus 7ri(A/'i x M2) is finite and hence 

Im(Aaik: 7ri(7Vi x ^ ^o{13)) = Indet C ^0(8) 

is a finite subgroup. Since 0,q{B) is torsion free, we get that Indet = 0. □ 

Remark 6.9 Assume that ni + 712 + 1 7^ m but otherwise the manifolds 
Ni,N2, M satisfy all the conditions of Theorem 16.81 Then the straightforward 
modification of the proof of Theorem 16.81 shows that Im//i^o = ImA*o,i = C 

^ni +712+1+0— m 

Examples 6.10 (1) It is well-known that every closed manifold M"^ that 
admits a complete Riemannian metric of negative sectional curvature has the 
universal covering space homeomorphic to M™", and thus 7rj(M) = 0, for i > 1, 
while 7ri(M) is a Preissman group. 

Combining this with Theorems 16.11 and 16.41 we get that for such M the group 
Indet = for all A'^i, N2,JVi,N'2, and hence A is a free abelian group. 

To construct more manifolds with Preissman fundamental group, notice that 
the total space of a locally trivial bundle F — > — > has the Preismann 
fundamental group if F is simply-connected and iti{B) is Preissman. 

(2) Let M™ be an oriented base space of a finite covering map S™" M , 
where is a simply connected m-dimensional rational homology sphere. The 
Serre-Hurewicz theorem implies that 7rfc(S™') is finite, for k = 2, . . . ,m — 1, 
and therefore TTk{M) is finite, for A; = l,...,m — 1. Now Theorem 16.81 implies 
that Indet = for all Ni, N2,Mi,M2, provided that ni,n2 > 0. 

Theorem 15.11 implies that in all these cases, if TVi, A/2 consist of zero-homologous 
mappings, then alk is a splitting of the classical linking invariant Ik into a di- 
rect sum of independent Z-valued invariants. Corollary I7.1UI says that this 
direct sum is infinite when M is closed and admits a complete metric of neg- 
ative sectional curvature; the images of 7ri(A''i), 7ri(A^2) in tti{M) under the 
homomorphisms induced by the mappings fi G A/i , /2 G M2 are nontrivial; and 
|ii'i(M)/(lm/i,(ifi(iVi)) +Im/2*(i/i(Ar2)))| = cx). 
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7 Description of 7Tq{B) and Qo{B) 

In Section [7| we assume Ni and N2 are connected; however we do not assume 
that ni + 722 + 1 = m. The goal of this section is to give a method of evaluation 
of 7ro(-B) (and therefore of 0,q{B) since the last group is the free abelian group 
with the base ttq{B)) and, in particular, to demonstrate that tto{B) can be 
infinite in spite of 7ro(A/i) and vro(A/'2) being one-point sets. 

We must recall some facts from elementary homotopy theory. Given two pointed 
spaces X and Y , let [X, y]* and [X, y] be the set of pointed homotopy classes 
of pointed maps X ^ Y and the set of unpointed homotopy classes, respec- 
tively. Then vri(y) acts on [X, F]* in a usual way, and 

[X,Y]-/7:,{Y) = [X,Y] (7.1) 

(see H7j, for example). 

Furthermore, tti{X) acts on [X,X], and therefore we get a right 7ri(X) -action 
on [X, Y] via the composition map [X, X] x [X, Y] [X, Y] . In greater detail, 
we apply a G vri(X) to the homotopy class Ix G [-^i-''^] and get a map (ho- 
motopy class) a{lx)- Now, given / € [X, y], we define fa = {f)a G [X, y] to 
be the composition / o a{lx)- It is worthy to mention that, for the standard 
7ri(y) -action on [X, y] we have 

/?(/) = /?(ly) o /, (3eMY)J G[X,Y]. (7.2) 

Furthermore, given a E T^iiX) and / G [X, y]*, we have 

fa = Ua)f (7.3) 

and so any orbit of the (right) vri (X) -action is contained in an orbit of the 
7ri(y) -action. 

Lemma 7.1 The vri (y)-action on [X,Y]' and the 7ri(X) -action on [X,Y]* 
commute. 

Proof Choose a G 7ri(X),/3 G T^iiY) and consider the composition 

X ^ X y ^ y 

Then, in view of (|7.2|) . we have 

(/3(/))q = (/3(ly) o /) o a{lx) = (3{Iy) o (/ o a{lx)) = /?((/)«)• □ 

Now, consider two pointed spaces Xi and X2 and the actions 

[Xi,y]' X7ri(Xi) ^ [Xi,y]* and [X2, y]* x 7ri(X2) ^ [X2, y]V 
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Together these actions yield the action 

([Xi,y]' X [X2,Y]') X X 7ri(X2)) ^ [X^,Y]' x [Xs,^]'. (7.4) 

Because of Lemma l7. II this action commutes with the diagonal 7ri(y) -action 
on [XuY]' x [X2,Y]r 

Remark 7.2 Since [Xi,Y]' x [X2,Y]* = [Xi y X2,Y]* , we have the action 
of the group 7ri(Xi V X2) = vri(Xi) * 7ri(X2) on [Xi,Y]' x [X2,Y]' . Let 
i: TTi^Xi) C TTi^Xi) * TTi(X2) be the standard inclusion. We emphasize that 
the i(7ri(Xi)) -action on [Xi,y]* x [X2,y]* does not coincide with the action 
coming from (|7.4() . 

Given f e[X,Y]', let 

Sf = {ae 7ri(y) I af = /}. (7.5) 

Proposition 7.3 Sf C Z(/^<(7ri(X)) , where ZG denotes the centrahzer of G 
in 7ri(y). 

Proof Let H be the set of homomorphisms vri(X) T^iiY) induced by 
pointed maps X ^Y . The 7ri(y)-action on [X, y]* induces the 7ri(y)-action 
on H . Here for a E T^iiY) we have 

{a{f*)){u) = a(/*(u))a"\ 

where u E T^iiX) and f : X ^ Y . Thus, if a £ Sf then (a(/=K))(M) = 
a(/*(n))a-i = /*(n), ie a E Z(/*(7ri(X)) . □ 

Choose base points in Ni,N2 and M and let Af',i = 1,2, be the space of 
all pointed maps /: Ni ^ M such that the unpointed map / belongs to Mi. 
Clearly, the subset ttq{M') of [Ni, M\* is invariant with respect to 7ri(A^j)- and 
7ri(M) -actions. Moreover, because of 1)7. If) . tto{M') is the orbit of 7ri(M)- 
action on [Ni,M]'. 

Clearly, the bijection [Xi VX2, M]* = [Ni,M]* x [iV2, M]' converts the iri{M)- 
action on [iVi y N2,M] into the diagonal action on [Ni,M]' x [N2,M]'. 

Theorem 7.4 

7ro(fi) = (7ri(iVi) X 7ri(iV2))\(vro(M*) x 7ro(A/'2*)) /7ri(M). 
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Proof Consider the inclusion j : Mi* y~ M2* B. Since M and Ni are 
connected, the map j^, : vro(A/i* x A/2*) — > 7ro(i3) is surjective. Now, con- 
sider two points b,b' € Mi* x M2* and set j{b) = {pi, P2, (pi: 4'2) and j{b') = 
{p[, P2, 4>'i, 4>2) G B. Then (pipi = 4>'ip'i- Suppose that there is a path from 6 
to 6' in i3. Consider this path as a quadruple {pi{t), p2it),(j)i{t),4'2{t)),t € /. 
Now, the loop pi{t) gives us the loop (homotopy class) a £ TTi{N,i),i = 1,2, 
while the loop 

{Mt)){pi{t)) = {Mt)){P2{t)) 

gives us an element /3 € tti{M). Clearly, /3([6])(ai, 02) = [b'] where [b] and [b'] 
are components of Mi* x M2* containing b and 6', respectively. □ 



Corollary 7.5 The mapping alk: 7ro(7Vi x A/2 \S) ^ A of Theorem \3.y\ is 
surjective. 



Proof Take an arbitrary point b € B and consider the class [b] € Qq{B). 
Clearly it suffices to show that, given (/i, /2) € Mi x A/2 \S, there exist generic 
paths ^i'. I ^ Ml xM2,i = 1,2, starting at (/i,/2) such that 7j(t) intersects 
Eg for exactly one value tj G (0,1), z = 1,2, and [71(^1)] = [b], [72(^2)] = —[b]- 
Clearly there exists b' = [cpi, (p2, Pii P2] ^ B such that ±[6]' = [b] and that one of 
the two possible resolutions of the double point between 01 and (p2 is isotopic 
to (/i,/2)- Let {4''i,4'2) be this resolution and let 7 be the isotopy path that 
connects (/i,/2) to ((/''i,02). 



It is easy to construct (see |l''igure 1 1 a local deformation 7+ (respectively, 7_ 



of (i;^)i, (j)'2) that involves only one passage through a double point and such that 
the sign of the corresponding crossing of Sq is positive (respectively, negative) 
and the associated element of ito{B) is the same as the one for b' . The desired 
paths 7i are the paths 7+7 and 7-7. □ 



Corollary 7.6 Assume that Ni and N2 are simply connected and that tti{M) 
is infinite. Also, assume that, for both i = 1 and i = 2, the tti{M) -action on 
Tro{M*) is free. Then -7To{B) is an infinite set. □ 



Example 7.7 Let Ni = N2 = , and let M be a manifold which has the 
(n + 2) -type of the wedge S"^ V S"". Fix a map /: 5" — > M which induces 
an isomorphism in n-dimensional homology. Let TV = Mi = M2 be the path 
component of / in the space of smooth maps S"" M . Then 7ro(-B) is an 
infinite set because of Corollary EHl 
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Figure 1: The paths 7+ and 7_ in the 1 -dimensional case 

Another series of cases with ttq{B) infinite appears as follows. 

Take fi G no{Af'),i = 1,2, and let Gi be the subgroup of 7ri(M) generated by 
5j. and fi*{TTi{Ni)) , where 5j. is the stabilizer of fi as in H7.5|l . 

Theorem 7.8 If the Reidemeister set of double cosets 

G2Vi{M)/Gi 

is inEnite, then ttqIB) is an infinite set and ^o{B) is an infinitely generated 
abehan group. 

Proof Take any u,v & iti{M) such that the elements (n/1,/2) and (ti/1,/2) 
of 7ro(A/i*) X 7ro(7V2*) give us the same element of vro(yS). 

It follows from Theorem 17.41 that there exists (a,/3, 7) G 7ri(A'"i) x 7ri(iV2) x 
7ri(M) such that 7(n/i, /2)(a, /3) = (i'/i,/2) or 

jufia = vfi in 7ro(M') and 7/2^ = /2 in 7ro(7V2'). 

Because of Lemma mi and (|7.3p . 7/2/? = 7/2*(/3)/2- So, 7/2*(/3) G Sf^, and 
therefore 7 G G2. 

Similarly, v~^^ufia = /i, ie v~^'jufu{a)fi = fi, and hence t'~^7ii/i*(a) G 
S'jj . Thus v~^ju G Gi , ie 7U G fGi , and G2U n uGi 7^ 0. 
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This means that the images of u and v in G2\vri(M)/Gi coincide. This com- 
pletes the proof. □ 

Corollary 7.9 Let h: tti(M) Hi{M) he the Hurewicz homomorphism. 
Then 7ro(-B) is infinite whenever the group Hi{M) / {h{Gi) + h{G2)) is infinite. 

Corollary 7.10 Assume that 7ri(M) is a Preissman group. Let Mi x A/2 he 
such that for (/i,/2) G Mi x M2 the suhgroups /i*(7ri(7Vi)), /2*(7ri(A'^2)) C 
7ri(M) are hoth nontrivial and such that Hi{M) / {fu{Hi{Ni)) + f2*{Hi{N2))) 
is infinite. Then ^^{B) is infinite and hence ^q{B) is an infinitely generated 
ahehan group. 

Proof It suffices to prove that each of the groups fi*{TTi{Mi)),i = 1,2, is a 
subgroup of finite index in Gi . For sake of simphcity, we fix i and denote Gj 
and /i*(vri(A/'i)) by G and H , respectively, and prove that the index [G : H] is 
finite. 

Case 1 Assume that the group H is abelian. Then since 7ri(M) is a Preissman 
group, we conclude that the centralizer ZH of is a cyclic subgroup which 
contains H . Since H ^ {e}, H is a subgroup of finite index in ZH . Thus, we 
are done since, by Proposition ESI Sj C ZH and so G C ZH . 

Case 2 Assume that the group H is non-abelian. Then, by Proposition 16.31 
ZH = {e}. Thus, by Proposition O Sf = {e} , ie G = H . □ 

8 The pairing fiij as an obstruction for double point 
elimination and as a splitting of the intersection 
pairing 

In this section we do not assume that dim A^"^ + dim A^^^ = dim M"^ . 

A classical question is: given two C°° maps /i : A^i — > M and /2 : N2 ^ M , 
can we make their images disjoint by homotopies of fi and /2? The necessary 
condition for the existence of such homotopies is that the intersection of the 
homology classes /i*([A^i]) and /2*([A^2]) is zero in Hm-ni-n2iM) . It is well- 
known that this condition is not sufficient in general. 

Prom now on we assume that ni + 712 = m and consider the pairing 

H = Hofi : 0.o{Mi) (g) 0,o{M2) r2„i+„2+o+o-m('S) = 0.o{B). 
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The mapping e: B —f M that maps {4>i-,4>2-: Pi-, P2) to 4>i o /Oi(pt) = (/>2 o 
P2(pt) £ M induces the (augmentation) map e: ^ r2*(M). Clearly 

r o [72])) is equal to the intersection of fi*{[Ni\) and /2*([A''2]) in 

Hm-ni-n2{^) : where r is the Steenrod-Thom homomorphism. 

We observe that the necessary condition for the existence of /i G Mi , J2 € M 
with Im(/i) n Im(/2) = is that 

M[/i],[/2])=OGl^o(^), 

for some (and therefore for all) /i G -A/1,/2 G A/'2. Clearly this condition is 
much stronger than the vanishing of intersection condition. (Related results for 
intersections of mappings of into an oriented 2-dimensional surface were 
previously obtained by Turaev and Viro jH^I IHlj.l 

In fact, the following Theorem 18. II describes a big class of manifolds M where 
the condition 

M[/i],[/2])=OGJ^o(S) 

is necessary and sufficient for the existence of /i G Mi and /2 G A/2 with 
disjoint images. 

When A''i and are simply connected and ni + 712 = m such /i G Mi , /2 G M2 
with disjoint images do exist if and only if the Z[7ri(M)] -valued intersection 
index of the lifts of the mappings fi and /2 to the universal covering M ^ M 
vanishes (see Kervaire , for example) . In the conditions of Theorem 18.11 A'^i 
and A''2 are not assumed to be simply connected. Thus the mappings /i and 
/2 can not be lifted to the universal covering and Kervaire's approach to this 
classical problem does not work. 

Observe also that if A/i,A/'2 consist of mappings homotopic to immersions, then 
the statement of Theorem 18.11 follows immediately from Theorem 2.2 of the 
work ^Hj of Hatcher and Quinn (see Section 12. 2|) . 

Theorem 8.1 Let N^^N^^, ni,n2 > 2, be closed manifolds and let M"" be 
a {not necessarily closed) manifold such that ni+n2 = m, 7ri(M) is Preissman 
(see Definition W.'J^ and 7rj(M) = for i = 2, . . . , max(ni, 712) + 1. Let Mi,M2 
be connected components of the space of mappings of Ni and of N2 into M . 
Then fj.: Qq{Mi) ® $^0(^/2) ^o{B) = TL is the zero pairing if and only there 
exists fi eMi, /2 G M2 with Im /i n Im /2 = . 

Remark 8.2 In particular, by the Preissman and Hadamard Theorems, see 
Theorem 16 . 1 1 and jllj . 7ri(M) is Preissman and TTj{M) = 0, j > 1 for all closed 
M that admit a Riemannian metric of negative sectional curvature; and any 
such M satisfies all the conditions of Theorem 18.11 
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Example 8.3 Here we give an example where neither Kervaire non Hatcher- 
Quinn approaches work while Theorem 18. II implies that /i and /2 can be made 
disjoint via a homotopy. Let Ni = x MP^, let N2 be a 4-dimensional 
manifold and let M^^ be a hyperbolic manifold. Then one can prove directly 
that any pair (/i, /2) of maps /i : A^i — > M^^ and /2 : is homotopic 

to a pair with disjoint images, and so ^(/i,/2) = 0. On the other hand, the 
Kervaire approach is not applicable if we assume that /i is non-trivial on vri . 
The Hatcher-Quinn il5| Theorem 2.2 is not applicable, since x is not 
immersible into M^'^. (Since weiRP^) / 0, neither MP^ nor x MP^ are 
immersible into the universal cover R^^ of M^^.) 

Proof It is clear that if fi G Mi and /2 G A/2 with Im/i nIm/2 = do exist, 
then fj, is the zero pairing. 

Let us show that if /x is the zero pairing, then such /i,/2 do exist. Take 
/i G Ml, /2 G ^2 so that they are transversal to each other, and hence Im/i 
and Im/2 intersect at isolated transverse double points. For a double point 
d G Im/i n Im/2 we denote by [d] G 0,q{B) the input of this double point 
into [72]) • The proof is via induction on the number of double points of 

Im fi n Im /2 . 

Take a double point p G Im/i n Im/2. Since /^([/i], [/2]) = 0, there exists a 
transversal double point g G Im/i n Im/2 such that [p] = — [g] G ^0(^6). In 
particular we get that the double points p and q correspond to the same path 
connected component of B. Put pi and qi (for z = 1,2) to be, respectively, the 
preimages of the double points p and q on Ni (for i = 1, 2). 

Theorem l7.4l and the definition of B imply that there exist paths ai : [0, 1] Ni 
with ai{0) = Pi and ai(l) = qi for i = 1,2; and a path /3: [1,2] ^ M with 
= q, /3(2) = p such that the loop fi{ai)P acts trivially on the pointed 
homotopy class of the mapping {Ni,pi) {M,p) for i = 1,2. Thus /i(ai)/3 G 
7ri(M,p) commutes with all the elements of Im(/i^ : 7ri(A'^i) — > 7ri(M)). 

If Im/i C 7ri(M) is an infinite cyclic group or a trivial group, then, since 
7rj{M) = for j = 2, . . . ,max(?7-i,n2) + 1, the elementary obstruction theory 
implies that /i is homotopic to a mapping that passes through a mapping — > 
M . Since ni + n2 = m and ni > 2 we get that after the small perturbation 
the mapping 5^ — > M does not pass through Im/2 and thus /i is homotopic 
to a mapping that has disjoint image with /2 . 

If Im/i* C 7ri(M) is a group which is not trivial and is not infinite cyclic, 
then, since 7ri(M) is Preissman (see Definition l().2|) . /i(qi)/? = 1 G iTi{M,p). 
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Similarly, we get that either /2 is homotopic to mapping passing through a 
mapping 5^ — > M, and hence it is homotopic to a mapping with the image 
disjoint from Im/i; or /2(a2)/3 is also trivial in 7ri(M). Thus the paths /i(ai) 
and /2(a2) can be assumed to be homotopic. Thus /i(ai) (/2(a2)) = 1 G 
7ri(M) and this loop bounds a disk D G M . 

For dimension reasons D can be assumed to be embedded and IntD can be 
assumed to be disjoint from Im/i and Im/2. Since [p] = —[q] G ilo{B), 
we get that the signs of the intersection points p and q of Im /i n Im /2 are 
opposite. Thus we can apply the Whitney trick to the points p and q and the 
disk D and cancel the double points. Since D was assumed to be embedded 
and IntD was assumed to be disjoint from Im/i and Im/2, no new double 
points of Im /i Dim /2 will appear during the Whitney trick. Thus we managed 
to decrease the number of double points of Im fi n Im /2 and we proceed by 
induction. □ 
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